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Abstr act

The rational cubic function with three parameters has been extended to rationa
bi-cubic function to visuaize the shape of regular convex surface data. The
rational bi-cubic function involves six parameters in each rectangular patch. Data
dependent congtraints are derived on four of these parameters to visualize the
shape of convex surface data while other two are free to refine the shape of
surface at user choice. The developed constraints on parameters act as sufficient
conditions for visudization of convex surface data. Moreover, computationally
simple and | ess time consuming as compared to exiting techniques.
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1. Introduction

The data under consideration for visualization has three basic shapes, positive,
monotone and convex (or concave). It is necessary to preserve these shapes to
understand the meaning of underlying physical phenomenon and to transform the
idea of designer to reality. The second requirement in Data Visualization
environment is shape control i.e. the user can modify the shape of curve or
surface without changing the data. However, this paper addresses the problem of
convex surface data visualization. Convexity of data should be maintained in
applications including the design of telecommunication systems, nonlinear
programming arising in engineering problems [9-10], optimal control [9-10],
parameter estimation [9-10] and approximation of functions [9-10]. A quadric
surface paraboliod is a convex surface.

The problem of visualization of convex regular and scattered surface data
has been considered by many authors. A brief review is as follows. The scheme
of Asaturyan [1] divided each rectangular grid into nine sub rectangles to
generate convex surfaces. This scheme is not local i.e. by changing data in the X
direction of one edge of a sub rectangle there was a change throughout the grid
for all sub rectangle's edges located in the original X direction. Costantini and
Fontanella [6] developed a semi global scheme to preserve the shape of convex
data. The drawback of the scheme was that in some rectangular patches, the
degree of interpolant becomes too large and the polynomial patches tend to be
linear in X and/ or y . The resulting surfaces were not always visually pleasing.

Dodd, McAllister and Roulier [7] scheme preserved the convexity of the surface
along the grid lines but failed to preserve the convexity in the interior of the grids
and produced undesirable flat spots due to vanishing of second order mixed
partial derivatives. Floater [8] derived sufficient conditions for the convexity of

tensor-product Bézier surfaces. The convexity condition was generalized to C'
tensor product B-spline surfaces. These sufficient conditions were in the form of
inequalities which involved control points. The convex data visualization
schemes [7-8] are failed to preserve the shape of data when data are given with
derivatives. Moreover the convex data visualization schemes developed in [1, 6]
are global. Hussain and Hussain [9-10] developed rational bi-cubic functions with
two and four parameters to visualize regular convex surface data. Simple
sufficient data dependent constraints were developed on these parameters to
visualize the shape of convex surface data while no parameter was free to refine
the shape of surfaceif required.
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In this paper, we have presented an efficient convex data
visualization scheme. The rationa cubic function with three parameters [11] is
extended to rationa bi-cubic function. The rationa bi-cubic function involves six
parameters in each rectangular patch. The four parameters are constrained to
visualize the shape of convex data while remaining two is free to modify the
shape of surface at user choice. The developed scheme has many advantages over
exigting techniques e.g. the scheme developed in this paper is local, wheress, [1,
6] are global. The presented scheme on contrary to [7-8] is applicable to datawith
derivative. The schemes developed in [9-10] are automated but do not provide
opportunity to the user to refine the shape of surface. The presented scheme of
this paper involves two free parameters in each rectangular patch which provide
opportunity to the user to refine the visual display up to hislevel of optimization.

The paper is organized as follows: In Section 2, rational cubic function
[11] is extended to rational bi-cubic function with six parameters in each
rectangular patch. In Section 3, a convex surface data visualization scheme is
developed. Section 4 and 5 demonstrates and concludes the paper respectively.

2. Rational Bi-cubic Function

In this section rational cubic function developed by Sarfraz et al. [11] is extended
to rational bi-cubic function.

o {(%,¥,F,)i=0L2..,mj=012..n} be the given data defined

over the rectangular domain D =[a,b]x[c,d]. The partition of the domain is
a=%X<X<X<..<X =bc=y, <y <y,<..<y,=d.Thelocd rational
bi-cubic function is defined over each rectangular patch as follows:

[(1-0)°G, +(1-0) 6H, +(1-0)0°K,  +0°L,, |

S¥)= a,(6) -0
where
&, 3 s S A EY
G, = Cli,j(q/))[(l_(p) aF+(1-9) ¢{(O‘i,1 +7.5) R, +ai,ihi':i,j}

+(1_¢)¢2{([§i,j +?;i,1) i,j+l ﬂ| JhJI:I)]+1}+¢ ﬁu |]+1:|
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H, = qu((p)[(l 0) d {(a, +7:, )Fy +a RFX}+(1-9) ¢ x

{(aiﬁﬂ/ij)((di,jﬂ;ij)': +a,]h]FIJ) h((a +7/|J)FX
+a;, ]hjlzlxjy)} (1_¢)¢2{(ai,j +7i,j)((ﬂi,j +7, J) i,j41 ﬁu ]hjlzl)]Jrl)
o, ,h, ((,3., +7i.i ) Flia— ﬁ. ,hJ lej)/+l)}+¢3[§i,j {(ai,j +7i,j)Fi,j+1

+o; ;h ,]1}]
Ki,i:qi’jl(gb)[(l_qb) &i,i{(ﬁiyj"m/ll i+, ﬁthleJ}Jr
{(ﬂij+7ij)((&i,i+?;ivj)|:i11+aIJhJFIle) ﬂllh(all+yll I+11

+a; jh]I:IX?II.])} (1_¢)¢2{(ﬂi,j +7i 1)((ﬁ| i +7 i )Fi+1j+1
-h, ﬂu |+11+1) ﬁi,jh ((BH +7, j) P41, )41 -h ﬁu I+l]+l);

+¢ ﬁi,j{(ﬁi,j+yij) i+1,j+1 ﬂuh I+1j+1}:|
L == ﬁ(¢)[(1 ¢) B (1_¢)2¢{(&i,j+7?i,j)':i 1]+aIJhJFIylj}

G ;

+(1_¢)¢2ai,j {(BIJ +yAij) i+1,j+1 ﬂl JhJFIylj 1}+¢ ﬂl] i+1, )+ 1:|
— 0, (1-6) +7,,6(1-0)+ B, 6%,

:di’j (1—¢)2+7Ai]j¢(1_¢)+[§i,j¢2'

_ y_yj

h'o o

%, Gy By ﬁi’j, y,; and 7, ae the free parameters. It is worth

mentioning that for o, , =, ; = f | :ﬂ =1 and y;, =y, =2 the rational
bi-cubic function (1) reduces to bi-cubic Hermite spline.
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Zhang et al. [12] proposed the following result:

Lemmal. For the given interpolation function S ;(x,y) the sufficient and

necessary conditions for a surface § J. (X, y) to be convex in rectangular grid
i =% %X )0 ¥y | @ethaforany (xy) € [%. %1 ]%[ ¥, ¥y

s, S, (98,)
ox* oy? X3y

or S.S, - S, >0.

3. Convex Rational Bi-cubic Function

Let ()g,yj,Fi’j) be a convex data defined over rectangular grid

=[%. %)% ¥ ¥ [51=012,..,m=1,j =0,1.2,..,n—1 such that:

AIJ_AI+1J lej—F:l]

i=022,...m-1,]=0,12,...,n

FX <A, <F!

ij — ViH,j

A <A i FY<FY . FY<A <FY

ij Ij+l’ Ij_ i,j+l°

iZQLZW”m,jZOAZWH n-1.

The piecewise rational bi-cubic function (1) is convex (using the Lemma 1) over
each rectangular patch if

S.S, -, >0.

The above equation is non linear. After changing it into liner equation (to
simplify the computation)

S,(XSW—Sfy=S>(XSW—SWSXy+SWSXy—S§/>O
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or S, (S.—S,)+Sy(S,-S,)>0.
The above relation is equivalent to

Su(%¥)>0, S, (x¥)>0, S, (x¥)-S, (xy)>0,

S.(xY)-S,(xy)>0, ¥(xy)eD. (2)
S weraw Y R e
Sxy (X, y) _ éo(l—e)ki QiCi 2

hh (6, (#)) (a0, (0))"

A, B, G, D and E aetheterminvolving ¢ ;, & ;, B, ;, [3”., Vi T
and the derivative values. The complete expressions of A, B and C are

written as appendix. These expression easily leadsto D, and E; .

Sy (% y)>0if

50(1—0)5“ 6'A>0,(q,(0))>0ad g, (¢)>0.
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(a,(6)) >0 and g, (¢)>0 if
a,;>0,a,>0, B, >0, ,8 >0,7,>0,7,>0.
S (10" 0'A>0if
%
A>0,i=012345.
A>0,i=012345if

>{M1sk<4keZ'}, B >{M,5<k<8keZ’},

Vi (I:I-tlj Am‘) M :yi,j(Fli-(lHl Ai,j+1) M. — %](Flzlj E)j)
(A_FX) e (Ai,]+l F|X]+l) ’ P h ( i+1,j I:| )

_ y|](F|Zl,J+l F|)j+l) %](AH_FIX]) _yi i(Ai i+1_|:i)(j+1)
4= sy Ms = Mg =—— -
h i,j+1 ( i+1,j+1 Fl j+l) (F|+:Lj Au) (I:I+lj+l i, ]+l)

7|1(|:|i,11 Flyj) M. = 7|J(F|11]+1 Flyj+l)
H 8 — .
h i+1,] ( i+1, ] I:ij) h i+1, j+1 ( i+1,j+1 Flyj+l)

S, (xy)>0if

M, =

4 4 )
2(1—9) 0'C >0 if

i=0

C >0,i=01234.
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C >0,i=01234 if
>{M,,8<k<9keZ'}, B, >{M,,10<sk<12keZ"},
>{M, 13<k<19keZ’},  B;>{M, 20<k<26keZ"},

with

. yl](FIylj_I:I):) M. = ylj(Flyljl I:I)j 1)
8 9 )
hFXy ( i+1, ] Fl ) h i,j+1 ( i+1,j+1 F|>]+1)
_ yl](FIZl] IZI)]) yl](FIZl]+l F|>]+1)
o h Ilj_( i+1,] E)G)’ e h i+1,j+1 ( i+1,j+1 I:ij-f—l)’

o fulBiacRy) g ulRlacRY)

( i+1, j A ) (|J+l |) h]EXJ{-l (lejl Flj)

7;|J(F|jr(lj+l F|)+(l]) ’ M yl]hj ij+1 ,

" h]l::){“l (I:I)+(11+l I:Iilj) 5o _hJEi)l/]+3(F|XJ+1 I:IX])

}/Ilh] 41,41 M. = yAi,jh(AlJrlj A|J)

o thI-)%-({]+l+3(|:IX] +1 FIJ), N h(AHLj _Ai,j) h (Flylj E)j),

M - yAI](IZIXJ+l+|:IXj) ’ M . j;I](FIzl]+l+|:Ijr(lj) ’
. hJF|X]y (F|XJ+1+Fi,j) o hJF:{] (I:Ijr(lj+1+lzlil])
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_ ?;i,j (I:I)(]+l+I:IXJ) _ ?;i,j (Fi:(:Lj+l+Fi:1,j)
* I:]jFi,xjy+1_(Fi,xj+1"'Fi,xj), - ﬁjFi:({,j+l_(Fi:1,j+l+Fii1,j),
_ j;i,j (EXJ+1_|:|XJ) M. = 7;i,j (Fijr(l,jJrl_Fijr(l,j)
* I:]]I:IX]y{L_(I:IXJJrlJFI:IXJ) ® ﬁjFiﬁ,Hl_(Fi):l,Hl—i_Fiil,j),
M. = ?;i,jh(Aiu,j_Ai,j) M. = }?,,F\,F,X,y
* h(AHl,j _Ai,j)_ﬁj (Fi3r/1,j+1_Fi,)3+1) ® _thi,xjy+3(Fi?<j+1_Fi,xj)
v - TufFY |
_hj I:Iﬁj +3(Fijr(1,j+1 - Fijr(l,j )
Similarly, S, (xYy)-S,(xy)>0if
7., >0, ??i,j >0,
o, >{0M,.27<k<30kez’}, B ;>{0OM, 31<k<34keZ’},
@ ;>{0M,,35<k<36,kez’},  B;>{0M,37<k<3BkeZ’},
with
_yi,j(Fijr(Lj _Ai,j) _Yi,j(Fijr(],jﬂ_Ai,jJrl) _ 7i,j(FiZLj_Fi,>})
M27 T (. =<\ Mzs— X 1 WViog — J
(Ai,j_Fi,j) (Ai,j+l_|:i,j+1) hFIXJy_(FI-ZlJ_FI);)
_ Yi,j(I:iZLjJrl_Fi?}ﬂ) M :7i,j(Ai,j _IZIXJ)M ZYi,j(Ai,Hl_Fi,ijrl),
” hFi,XJyﬁ-l_(FH)—/Lj+l_Fi,);+1) * (FI-)i—(lJ _Ai,j+l) * (':i:(],j+l_Ai,j+l)
B yi,j(l:iﬁ)-/l,j _E)j) B Vi,j(Fin,j+1_Fi,)G+1)
<l , My, =
hEX, —(Fh —FY) WEY o~ (Fha—FYa)
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o PulFiarRY) | Fu(RhatRL)
hFEY—(F.+FY) NS = (Rl +Fy)

_ Au(RiarR)  Au(RhatFLy)

7 thi,xjy+1_(Fi,Xj+1+Fi,Xj) ” thiﬁ,m_(Fi:l,m"'Fiil,j)

Similarly, S, (x,¥)-S, (xy)>0 if

Vi >0, J;i,j >0,
a;>{0M,,39<k<42kez"}, B >{0M,,48<k<46keZ"},

G ,>{0M,,47<k<48keZ’|, fB,>{0M, 49<k<58keZ"},

with
_ 7 (Fhi—F) _ 7 (Rha—Fla)
TR (R4 -RY) YRR (R R
_ yi,thiﬁ,j M. = 7i,jh|:i>+()1/,j+1
YRy +3(RY, -RY) Y AhRE L 3(RL - F)
R -RY) L ra(Rlam R
® onRY (R -RY) Y AR - (RAa-Fla)
_ AL M- 7iih R
TRy 3(Ry, -R) T R 3(RA R
MM:?;i,j(':i,yju_Ai,j) _)/Ai,j(FiJ)r/l,jJrl_AHl,j)

Y R (W

i+1,] i+1,j)
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M. = ?;i,j( i,xj+1_Fi,Xj) M. =— J;i,j( ijr(l,j+1_|:ijr(1,j) ,
®ORRY-(Ria+Ry) T ARY —(Rha+Ry)
M. = fi,jﬁjFi,)jyﬂ M. =— fi,iﬁiFi?l/,Hl
” _thi,xjy+l+3( i,xj+1_Fi,Xj) ” _thiﬁ,j+1+3(Fifl,j+l_Fiil,j)
M :yi,j(Ai,j_Fi,)g) M :yAi,j(AHLj_Fin,j)
N (Fi,ijrl_Ai,jﬂ) " (Fiill,jJrl_AiJrl,j)
M. = };i,j( i,Xj+1_Fi,Xj) M. =— };i,j( iil,j+1_Fi:<l,j) ,
® thi,xjy+1_( i,xj+1_Fi,Xj) ” thiﬁ,jﬂ_(Fifl,jﬂ_Fiil,j)
. J;i,jﬁjFifij _ 7?IJﬁJFIXJy
e AR (R ) T RET 3R )

The above discussion can be summarized as;

Theorem 1: The piecewise rational bi-cubic interpolant S(x,y) defined over

the rectangular mesh D =[x, X, | %[ ¥, ¥a]. in (1), is convex if the following

sufficient conditions are satisfied:

a;>{0N,1<k<6keZ’}, B >{0N, 7<k<I3keZ’},

G ;>{0N,14<k<20keZ"}, B ;>{ON,,21<k<27keZ"},

where

N — Vi (Fi+1,j _Ai,j) N, = Vi ( ii(l,j+1_Ai,j+1) ,
' (Ai,j _I:IX]) ’ (Ai,j+l_Fi,Xj+l)



Zawwar Hussain et al. / Iranian Journal of optimization 3(2010) 420-446 431

B }/Ij(I:H)—/lJ E)j) B 7|1(F|y111 Flsj-*—l)
3 7N4 )
hny ( i+1,] F|>]) h i,j+1 ( i+1,j+1 F|>]+l)

N5: %]hFH)rql/] , N6 lehFlfl/Hl ,
—hEY, +3(FY, —F)) Y +3(Fh - F )
N7:ylj(A _Fi'xj) N —}/"(A"“_F"X“l) N, = 7.J(F| iy F%)

(I:Ijr(lj Ai,]) ’ . (I:Ijr(l]Jrl A| j+l) ’ h i+1, ] ( i+1, ] I:ij),

. 7/| j (F|Zl]+l F|>]+l) — yl ]h
o h i+1,j+1 ( i+1,j+1 Fl)g l)’ " hny+3(FH)-/1] Fl)j)’

_ %Jh i,j+1 ’ 'J(I:'XJ+ lel)
e h|:|x]y+l+3(|:|}r/1]+1 F|y]+l) B ( i+1,] A ( ij+ |)
%JhJEXJy ’ N _ j;lj(F:lHl 'zljr(lj) ,
= _h]EXJy+3(F|XJ+1 I:IX]) . h]E?l/]Jrl (I:Ijr(].]Jrl E‘):l])
N.. = j/llhl ihj+l N yl]hj i+1,j+1
e hjEﬁ]+3(F|XJ+1 I:IXJ)’ i hJEf{Hl—i_s(Exﬁl F|XJ)’
N. = yivih(AHlJ All) _ le(FlXJ+1+F )
Coh(Au A )R (R -RY) T RRY=(RIL+RY)
fu(RhaatRly) _ 7u(Flyat Rl
PORRY (FhatFy) T RRL (R Ry
. 7/|J(F|X]+l F|XJ) ,N B 7/|J(|:|‘):l,]+l |:Ijr(1j) '
2 hJI:lX]y+l (F|XJ+1 ij) . thljrq{Hl (I:Ijr(l,j+1+lzlil])
N24: );i,jh(AlJrlj A ) 7|th i

= = . N ,
h(A”l,J_Ai,j) h(FH)-/lJ-d E)] 1) =" _h ny+3(lej+1 F)

1ol ]
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N = ?/Ai,jhjl:i?l/,j _ ;7”(F|X]+1+FIXJ)
26 N X X ! 27 " X x\
_th:iX,j+3(|:i+l,j+l_Fi+l,j) thi,xjy+1_(Fi,j+1+Fi,j)
The above constraints can be rearranged as:
;= ;+Max{O,N, 1<k<6keZ"};

B.;=m;+Max{O,N,,7<k<13keZ"};
G, =n;+{0N,14<k<20keZ"};

L)

B, =0, +Max{O,N,,21<k<27,ke Z"};

l;>0,m;>0,n,>0,0,>0.

4. Numerical Examples

This section illustrates the convex surface data visualization scheme developed in
Section 3.

Example 1: The convex data set presented in Table 1 is generated from the
following function:

F1(X’ y):x2+y2, -3<x,y<3.

A convex surface in Figure 1 is produced by the convex data visualization
scheme developed in Section 3. The values assigned to free parameters are

y.; =5 and ¥, ; =5. Figure 2 and Figure 3 provide the xz-view and yz-view of
Figure 1.

Table 1: A convex data set generated from the function F,(X,y).

yIx -3 -2 -1 0 1 2 3
-3 18 13 10 9 10 13 18
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-2 13 8 5 4 5 8 13
-1 10 5 2 1 2 5 10
0 9 4 1 0 1 4 9

1 10 5 2 1 2 5 10
2 13 8 5 4 5 8 13
3 18 13 10 9 10 13 18

Example 2: The convex data set presented in Table 2 is generated from the
following function:

F, (X, y):esz+y2 , 1< X, y<6.

Table 2: A convex dataset of F,(X,y).

3 4 5 6
10 17 26 37
13 20 100 144
36 81 144 225 324
144 256 400 576
25 100 225 400 625 900
36 144 324 576 900 | 129

yIX

| o1 N

OOl WIN P
=
(o2}
g
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Figure 1. Convex rational bi-cubic surface.

Figure 2: xz-view of Figure 1.

Figure 3: yz-view of Figure 1.

Figure 4. Convex rational bi-cubic surface.
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Figure5: xz-view of Figure4. Figure6: yz-view of Figure4.

A convex surface is shown in Figure 4 that is produced by the convex surface
data visualization scheme developed in Section 3 by assigning values to free

parametersare y; ; =4.9 and 7, ; =5. Figure 5 and Figure 6 provide the xz-view

and yz-view of Figure 4.

5. Conclusion

In this paper, the problem of visualization of convex surface data using rational
bi-cubic function (1) is discussed. Data dependent sufficient conditions are
derived on free parameters in the description of rational bi-cubic function to
preserve the shape of convex data. The convexity preserving scheme developed
in this paper is simple and easy to implement than the schemes developed in [1,
6-8]. The schemes developed in [1, 6] for data visualization were not local,
whereas, the scheme developed in this paper islocal. Thus the present method is
more flexible. Further, unlike [7, 8] no derivative constraints were imposed so
that the present method applies equally to data or data with derivative. However
in our scheme the derivatives are approximated by arithmetic mean choice of
derivatives. The presence of two free parameters in each rectangular patch makes
the scheme more flexible as compared to [9-10].
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APPENDI X
A= (1-9) A, with
Ao = Zaiz,jdi,i {(ﬂi,J TV )(FHLJ' -F )_h (ﬂ"j Ra+ 7R )}

(dm +7;i,i)

Ay = Ao +2ald, h, {(ﬁu +7i,i)(':i+y1,i _Fi,yi)

~h (B, R +7FD))

(B+7.5)
ﬁi,]

B (B RS+ )

Poo =202 B (B 47 ) (Faapa=Foa) =W (B R+ 7, Rl

A= j%)(1—¢)3‘j ¢'A ;. with
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