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1 Introduction

In the study of boundary value problems for partial differential equations, the role
played by, well-posedness (coercivity inequality) is well known (see Ladyzhenskaya
et al. 1968, Ladyzhenskaya and Ural’tseva 1968, Vishik et al. 1959). Coercivity
inequalities for nonlocal boundary value problems for partial differential equations
parabolic and elliptic types have been studied extensively by many researchers see
Aibeche and Favini (2005), Clement and Guerre (1999), Shakhmurov (2004),
Sobolevskii (1971) and references given therein.

In the paper (see Ashyralyev and el al. 2008) we considered the abstract nonlocal
boundary value problem

dilt) )= 1) (0=r=1)
dt
4
u(1)= Zaku(ﬁk)+¢7, W
k=1
0<6, <6, <...<19p <1

in a Hilbert space H with self-adjoint positive definite operator A, under the
assumption

P
D le =1 )
k=1

The well-posedness of multi-point nonlocal boundary value problem (1) in spaces
Cy (H ) and C “(H ) was established. Moreover, as applications, these astract

results enabled us to obtain new coercivity estimates in various Holder norms for the
solutions of nonlocal boundary value problems for parabolic equations.

In the present article, our focus is the well-posedness of the first order of accuracy
Rothe difference scheme
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T_l(uk _uk—l)_ Auk—l =@ = f(tk )’
t, =kt,lsk=<N, Nt=1,
p
Uy =Zamu(m + @, 3)
m=1
7
€m={—m}, lsms=sp
T

for approximately solving problem (1).

Let [O,IL = {tk =kt,k=1,--,N, N7 = 1} be the uniform grid space with

step size T > 0, where N is a fixed positive integer.

Throughout the paper, F ([O,l],,H) denotes the linear space of grid functions
Q" = {(pk }fv with values in the Hilbert space H.

Let C, (H ) =C ([O,I]T ,H ) be the Banach space of bounded grid functions with the

norm

T _ T + max ||¢k+" B ¢k ||H
P e mny™IP N o™ Loy (m—)“ ’

. r ((N - k)T)a ||‘77/<+r - @ ”H
? c(H) v c*(H) * ls/g}ii(sN (I"T)a ’

We say that difference problem (3) is stable in F ([O,I]T,H ), if we have the

following stability estimate

H{”k—l }fv

F(loa), .H)= M(H(prup([o,l],ﬂ) * ||¢”H )’

where M is independent of ¢",@ and 7 .

Difference problem (3) is said to be well — posed in F ([0,1]1 H ) , if for every
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p" € F ([() 1 l ,H ) problem (3) is uniquely solvable and have the

following coercivity estimate :

N

{r‘l (u, —u,, )}1

o

where H' C H, M does not depend on ¢" ,@ and 7.

o AL

s 1A, )

F([04], 1)

¢T

Throughout the paper, M shall indicate positive constants which can be different

from time to time and we are not interested to precise. We shall write M (a, J/RE )

to stress the fact that the constant depends only on &, f3,---.

2 The First Order of Accuracy Difference Scheme

Let us start with some auxiliary lemmas we need below. Throughout the paper, H

denotes a Hilbert space and A is a positive definite self-adjoint operator
A=01 forsome 0 > 0.

with

Lemma 1.1. (See Ashyralyev and Sobolevskii (1994)). The following estimates

hold:

—

1

HsM, t>0, K=0, “4)

L P s R ®)

H=H (14 o)

HrARku < K =1,

1
H—H ~ |’

HA/S(R’”' —Rkl‘H%H sM(]ErT)Zy ,lsk<k+rsN,ﬁE{O,l},Osysl,
T

for some M ,0 > 0, which are independent of T is a positive small number and

R = (I + TA)_1 is the resolvent of A.

Lemma 1.2. Assume that (2) holds. Then, the operator

(6)

(N
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» N—[g—k}
I->aR ' ®)
k=1
has an inverse
e, w2])
T.=|1-> R
k=1
and the following estimate is satisfied:
T, ., <clo.0,). 9)

Proof. The proof of estimate (9) is based on the triangle inequality, assumption (2),
and the estimate

2N I

< sup .
l-zakuw)w{:}\

S=<u
k=1

<

I- Zp:akRN_[
k=1

H—H

[

Let us now obtain the formula for the solution of problem (3). It is clear that the first
order of accuracy difference scheme

T_l(uk _uk—l)_ Auk—l =@ P = f(tk )’
t, =kt,lsk=<N, Nt=1,
P
Uy =D a,u, +@, (10)
m=1
7
¢, =[—m}, l=sms=sp
T

has a solution and the following formula holds:
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N
u, =R uy - Y R gz, 0sksN-1. (11)

j=k+1

Applying formula (11) and the nonlocal boundary condition

)4
=2 a,u, +9,
m=1

we can write

P .
E= Zak(RN"‘/kf— ZR"”(&JI] + Q.
k=1

Using Lemma 1.2, we get

_ T{— S SR s (p] (12)

k=1 j=,+1

Hence, difference equation (10) is uniquely solvable and for the solution, formulas
(11) and (12) are valid.

Theorem 1.3. Suppose that (2) holds and (pED(A). Then, for the solution of
difference scheme (10) the following stability estimate
j. (13)

max
O<ksN

], =clo.0,)lol, +

holds, where C (5,(9p) is independent of 7,@,and @" .
Proof. From estimate (5), formula (11), and N7 =1 it follows that

max [u,|, <|uy], +max
O<ksN-1 1= j=N

2],

Using assumption (2), estimate (5), (9), formula (12),and N_ =1, we obtain

¢ c,m))

], =€.0.0,)(Jed,, +

From these estimates it follows (13).
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This concludes the proof of Theorem 1.3. ]

It is well-known that problem (1) in the space C ([0,1],H ) is not well-posed for the
general positive definite self-adjoint operator A and Hilbert space H. Hence, the

well-posedness of difference problem (10) in C ([0,1]1 H ) norm does not take place

uniformly with respectto 7 > 0.

Theorem 1.4. Let (2) holds and g€ D(A). then, for the solution of difference

problem (10), the almost coercivity inequality

H{T_l (uk — U, )}i\/ ) + H{Auk—l }fv

c, (0 C.(H)
1 (14)
clso, {min{ln;,l ; ln||A||H_>H}-‘¢’ o ||A¢||Hj
is valid, where C (5,49[,) does not depend on 7,@, and @" .
Proof. Using formula (11), estimate (5), we getfor 1 <k < N
N .
il <y, +|o,  Sfear as
=k H—H

It follows from Theorem 1.2 (see Ashyralyev and Sobolevskii (1994) on page 87)
that

N ial N-k+1
ZHTAR" * = 21: AR'”H
=k HoH m=1 H—H (16)

) 1
=M mm{ln;,l + ‘ln”A”HéH‘}.

By formula (12), estimate (9), and assumption (2), we obtain

. . 1
||AuN||HsC(6,HP{‘¢ Cr(H)mln{ln;,ln||A||H_)H‘}+||A<p||HJ. 1)

Thus, from estimates (15)- (17) it follows that
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H{Auk—l }fv Hc,(H) = C(é’ﬁp )

x(uwruq(mmin{m%, ln||A||HéH‘}+||A¢||Hj.

(18)

Using difference equation (10), the triangle inequality, and estimate (18), we get
estimate (14).

This completes the proof of Theorem 1.[]

Theorem 1.5. Suppose that (2) holds and (pED(A). Then, the solution of

difference scheme (10) satisfy the following stability estimate

H{r‘l (uk U, )}iv

cf(m)

c(n) + H{Auk—l }fv

1 (19)
cloa,| il o1l )
where C (é,Hp) is independent of 7,@, and @".
Proof. It follows from formula (11) and identity
TAR=1-R (20)

thatfor 1=k < N

Au,_, = RN"‘”AMN - irARj'k+l(¢j - ¢k_1)+ (RN""+1 -l . (21

Jj=k

Thus, using estimate (5), (6), and the definition of C 1" (H ) — norm , we get for
l<sk=<sN
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Al = Aun],

@ o N
2" 22
Ry s A ST
4 T
s”AuN”H +; @ co(i)”

Now, we estimate ||AuN||H .

From formula (12) and 7AR = I — R it follows that

{ Zak[ ZTAR’“( - )+(1—RN-“)%J+A¢}.

J=l+1

Hence, by estimates (5), (6), (9), the definition of C 10’ (H ) — norm , and assumption

(2), we obtain

A, | )

Thus, from estimates (22), (23) it follows that

fianc 3., =, ) 2l

Let us now estimate

Jau], = clo.0, | 2

T

+ A, j (24)

CT(H)

((N —k+ 1)r)a||Auk—l+r - Auk—lnH
max .
lsk<k+r=N (I"T)a

First,let N —k + r < 2r. By estimate (24) and the triangle inequality, we obtain

T

(N -k +1)r ”A”k e~ Ally 1” (6 P )(

(re)"

Next, let N —k +r = 2r. From formula (11) it follows that

+ |lAg],, ) (25)
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Auk—] - Auk_l+r — (RN_k+1 _RN—k+1—r)AuN

k+2r-2

- > TAR™ (g -4 )

Jj=k
k+2r-2

ARj—(k—1+r) o
+ j;r T (¢J ¢k—1+r ) (26)

N

_ Z TA(Rj—kﬂ _Rj—(k—l+r)) (¢] _¢/<-1)

Jj=k+2r-1

+(I _RH) (s —¢k—1)+(RN_k+l _RN_(k_l+r))¢’<-1
=11(k)"'lz(k)"'ls(k)+14(k)+15(k)+16(k)'

We first estimate [, (k) Using estimates (7) for £ =0, and the fact
N - j+1>2r,we get

T

@

1) =cls.6) (rz)" (l
”1( )”H ( p/((N_k_l_l)T)a a

Next, it follows from estimate (6) and the definition of C,* (H ) —norm that

) +||A¢||Hj. (27)

T

), = o S S
R (R A (T 28)
- z (}"T)a T

cr(u)

a ((N-k+1)) 4

By using estimate (6), the definition of C (H ) —norm , and the fact
N - j+1>2r ,we obtain

a

2% @

T
k+2r-2

e cy(H) r
|| N MH (N =&+ 1)) j;r (j-(k=-14r))™ (29)
20 ey (o)

“(N-k+1)) @
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If follows from estimate (7) for £ =1, the definition of C,” (H ) —norm , and the
fact j—k +1> 2r ,that

a

20 . .
(=T O (e

20 ey (o)

(N -k + 1)) (1-a)

Using estimate (5), the definition of C|* (H ) — norm , we obtain

T

N

1.k}, =M
(30)

=M

2% @ .
“(H) a
N-k+1)r) (re)".

T

||15 (ka = ((

€1V

Finally, from estimate (7) for =0 and the fact N — j+1> 2r it follows that

T

16, =27l

cr(n)’ (32)

Thus, combining estimates (27)-(32), we get for N — j+1> 2r

T

P ey
(-a) +||A¢||H]. (33)

o\l -

(re)"

From estimates (25) and (33) it follows that

(e Vo=l (s )[

T

max
Isk<k+rsN (rz-)a

((N K 1)1 )a”A“k—l A“k—l "H C”(H)
il < R N 4
_(3(5,0p) (1 ) +||A¢|| . (34)

Combining estimates (24)-(34), we obtain that

H{Auk"l }f’ HCT(

1

(=clo.g, )[a(—

l—a)

T

@

" +||A¢||Hj. 65)

H
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Hence, estimate (19) follows from difference equation (10), estimate (35) and
the triangle inequality.

This concludes the proof of Theorem 1.5. 1]

Let H,=H_, (H ,A) be the fractional space, consisting all v& H for which the

following norm is finite,

1-a -JA
||v |v||H+supHﬂ Ae VHH

H,,_|

P
Theorem 1.6. Assume that @, — Zak(pék + A9 E€ H , and (2). Then, problem (10)

k=1

is well-posed in C“ (H ) and the following coercivity estimate holds

{7_1 (”k — Uy )}i\’

_ N
+H{Auk_l}iv et + {1— l(uk -U,_, )}1 )
1 N (5’61’) T
=M\~ —;O’k% +Ag . +m P \lcem) |

where M does not depend on @,@" ,and 7 .

Proof. Let us establish the estimate for H{Au k_l}fv
C

X Similar arguments introduced
H

in the proof of estimate (24) result that

w1 sclos, )&\

Next, we estimate

T

@

cr(H)

ot ||A¢||H) | G6)

||Auk—l+r - A”k—lnH
max .

Ik <k+r=N (m-)"’

Using formula (11), we obtain for 1 =k < N then
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N-k+1
Aug =-@ +R (A”N + ¢N)
N
Jj—k+1 N-k+1
+ Y AR g, - )+ R (g, - ) (37)

=k

= Jl(k)+J2(k)+J3(k)+J4(k)~

It is clear that

T

(38)

“(w) = |9

c(n)’
Let us estimate ||J 2”0“ ()" To alleviate the notation, let v = (Au v+ @y ) . From the
definition of H , — norm , the equality
k+r-1
Z _7ARN-T = RN-lk-1+r) _ pN-k+1

=k

and the formula connecting the resolvent of the generator of a semigroup with the

semigroup it follows that

|7,k +7)-7,(k),

—us
© k+r-1 2
(N1 ot € Tdt 39
S| H, ,(l). o N ] 1 € (njl—a ( )
2
<2 . (rz)* %.
Thus, using estimate (39), we get
4
| 2l co(m) = ;”V”Ha' (40)

It follows form estimate (6), the definition of C“ (H ) —norm ,and N7 =1 that
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T

N
T
1), =
bl <l C““’);((j—ku)r)l'“

(41
(N -k 1))y
h a c*(u)’
for all k .
Hence, using estimate (41), we obtain
(6, s~
SV T c(n)’ (42)

Next, we estimate

o |75k +7)- 7, (k)|

lsk<k+rsN (rl—)a

H

First, let us consider the case N — j +1 =< 2r . Using the triangle inequality, estimate
(41), we get

T

@

e r)-a0), (o +1)
(rz)” o«

(43)

c“(H)’
Next, we consider the case N — j +1> 2r . We can write as
Ti(k)= Ty (k +r) = T3 (k) + T (k) + T (k) + T4, (),
where J,, (k)=1,(r), J,(k)=1,(k), J,(k)=1,(k) (see equation (26)),and
T (k)= (R =R (g -4,
So we have

2 “
e, <20

(44)

c(u)’
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2%(rr)"y .,
o, <2
27 (rr )y,
”J33(k)"H Sﬁ ¢ c(n)

Finally, using estimate (5) and the definition of C“ (H ) — norm , we get

T

||J34 (ka < 2(rr)a @

c“(H)

Hence, it follows from estimates (44)- (47) that for N — j+1> 2r,

||J3(k +r)—J3(k]|H - M
(rz)” T all-a)

T

c*(H)"

Combining estimates (43), (48), we get

||J3(k+r)—J3(k]|H M
max =
Isk<k+rsN (m-)"’ 0{(1 - 0{)

T

@

c(m)
Thus, estimate (42), (49) result that

T

||J3 '

ce(u) ~ a(l-a)l" ey

Using estimate (5) and the definition of C“ (H ) — norm , we obtain

||J4(kX|H < (N -k +1)e)"

T

@

<
Cc“(H)

Q" , for all

c*(H)
Hence, estimate (51) gives

T

2

||J4 (k X|H =

c*(m)

By using estimates (5) , (7) for # =0 ,we getforall Isk <k+r=<N

>

(45)

(46)

(47)

(48)

(49)

(50)

(51

(52)

121
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||J4 (k + r) -J, (km = HRN_(k_Hr) - R e ”‘pk—m - (pN”H
R s, — @, (53)
< (M +1)rr)* | ol
So, from estimate (53) it follows that
|7, (& +7) =7, (k) )
lskrgi)r(sN (I"T)a - = Ml ¢ Ca(H) ' (54)
Thus, by combining estimates (52), (54), we obtain
[l oy = Mo |" o)’ (55)

From estimates (36), (38), (40), (50), and (55) it results that

1
it a(l-a)

T

@

» (H)j. (56)

Hence, using the triangle inequality, estimate (56), and difference equation (10), we
get

H{Auk—l }fv HC,,(H) = M[énA”N + @y

H{T_l (uk — U, )}1N co(n)

< M[l”AuN + @y
a

T

@

(57)
e lew)

{T_l(uk —Uyy )}1N

Let us now establish the estimate for

ce(m)

It results from formula (11) and difference equation (10) that for all k,

Up ~Upr _ RN—(k—1+r)(
T

AuN + @y )+ RN_(k_Hr)(‘pk — @y )

N .
- ZTARJ_(](_I)(‘P,' ~ @l )

=k

=G, (k)+G,(k)+G, (k).


www.SID.ir

Allaberen Ashyralyev, Ayfer Dural, Yasar Sozen/ Iranian Journal of optimization 1(2009) 107-131 123

Using estimate (5) and the definition of H , — norm , we obtain
G\ (k) <[ Auy + @], - (58)

Now, using the definition of H , —norm and the formula connecting the resolvent

of the generator of a semigroup with the semigroup, we get

”Gz(kaa _ S;ig‘ Al—aAe—/lARN—k+l(¢k ~ @y X‘H
1- -JA * _t -TtA
= sup| 2" Ae j N—k)e (@, — gy )t ) (59)
<|¢" cola)

Next, let us estimate ||G3 (ka .Let A >0 . From estimates (4), (5), (7) for =1,

and identity (20) it follows that

A AR <min{———— Tlapm— T (60
e a8, < M e @
Using estimate (60) and the definition of C* (H ) —norm , we get
G, (k Mg A L
” 3 )"Ha =M c“(H )Sullo Z/;((j—k)r+ﬂ,)2“’
) (61)
=M —¢ ¢ () .
1-a
Hence, combining estimates (58)- (61), we obtain
H e 1 c“(H)
+H{Au } + {T'l(u -u )}N (63)
kJ1 Ca(H) k k-17)1 C“(H)

1 1
= M[;”AMN +(pN||Ha +m @

T

c"(H)j'
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Now, we estimate ||AuN + (pN”H . Using formula (12), we get

» N »
Auy +¢y =T, {-Zak Z TAR™ (¢/ _¢€k)
k=1 J=l it

- N-¢
+zakR o (@k _¢N)
k=1
4
+hy D, + AP}
k=1
=B +P +P,.

It follows from estimates (6), (9), (60), assumption (2), and the definition of
C“(H)- norm that

MWS%%%WMW (64)
P, =(6.6, )] .. (65)
|P, b S C(é,ﬁp @y —kzp;ak% +Ag (66)
: .
Therefore, estimates (63), (64)- (66) finishes the proof of Theorem 1.6. O

3 Application
In this section, we consider applications of Theorem 1.5 and Theorem 1.6.

First, let us consider the nonlocal boundary value problem for one dimentional
parabolic equation
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u, + (a(x)ux )x -0, = f(t,x), O0<r<l1, O0<x<l,

u(l,x) = Zp:amu(ﬁm ,x)+ (p(x), O=sxs=l,
m=1

0<6,<6,<---<0,
u(t,O) = u(t,l), ux(t,O) = ux(t,l), O=sr=l

(67)

<1,

under assumption (2), where 6 >0, a(x) =a>0 (xE (O,l)), (p(x)(x E[O ,1])
and f (t,x) (t,x € [0,1]) are smooth functions.

The discretization of problem (67) is carried out in two steps. In the first step, we
define the grid space

[0,1],1={x=xn : x,=nh, Osn=M, Mh=1}.

Let us introduce the Hilbert space L,, = L([O,l]h) of the grid functions

" (x) = {(pn }f/[_l defined on [O,I]h , equipped with the norm

L
2h [.’CE%

To the differential operator A generated by problem (67), we assign the difference

lo’

(p(x)‘zhf.

Ih

operator A, by the formula
A:¢"(x) = 1 (alx)g, )., + o, ' (68)

acting in the space of grid functions (ph (x) = {(an }fu_l satisfying the conditions
@o=@y> P —P =@y —@Py_- Itis well-known that A; is a self-adjoint

positive definite operator in L,, . With the help of A, , we arrive at the nonlocal

boundary value problem
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h
) )= ) 0<r <, vefodl.
uh(l,x)=iamuh(ﬁm,x)+¢(x), XE[O,I]ha (69)
m=1

05(91<(92<-~<(9p<1.

In the second step, we replace (69) with the difference scheme (10)

= lal)_ g (4)- 2o

fkh(x)=fh(tk,x), t,=kt, 1<sk<N, xE[O,l]h,
uh(x)= Y el (x)+olx), x€o1],
m=1

05:91<c92<~-<19p<1.

(70)

Theorem 2.1. Let 7 and h be sufficiently small numbers. Then, the solutions of
difference scheme (70) satisfy the following coercivity stability estimate:

h N
{uk—l}l

+
cr (o], .Lyy) cr ([0 1], W3, )

<C(s.0, {mu{f!’}f h W;,J

hold where C(é,Hp) is independent of 7, f" (x), and (ph(x) ,1sk=sN-1.

H ”k 1

|

(o) w3,)

Theorem 2.2. Let

Alg'(x Za £

Then, for solutions of the problem (70), we have the following stability inequalities
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{T‘l (u,’: - u,f_l )}iv {u,’:_l}lN

C(d,ﬁ )Hfj}N

p
where M does not depend on @,@" ,and T .

+
([0, L)

c“ ([0 1], W2, )

S b

C“(H)

a(l—a)

The proof of Theorem 2.1, Theorem 2.2 is based on the abstract Theorem 1.5,
Theorem 1.6 and the symmetry properties of the difference operator A, defined by
formula (68).

Second, let €2 be the unit open cube in the n-dimensional Euclidean space
R" ={x=(x1,---,xn): 0<x, <1, i=1,---,n} with  boundary
S, Q=QUS. In [O,I]XQ, the boundary value problem for the multi-

dimensional parabolic equation

w3) 3o, (b, ), = 1),

at r=1
x=(x1,-~,xn)EQ, 0<r<l,

u(l,x) = Zp:aiu(ﬁi ,x)+ (p(x), xeQ, (71)

i=l1

0<6,<6,<--<6, <],
u(t,x)=0, xes, O0=sr=l

under assumption (2) is considered. Here ar(x), (xEQ),q)(x) (xEﬁ), and
f (t,x) (t € (0,1), xe Q) are given smooth functions and a, (x) a

v

The discretization of problem (71) is carried out in two steps.

In the first step, define the grid space Q ,={x=x = (hlm1 s hom, ); m=

(ml,...,mn), O<sm,=<N,, h N =1Lr=1,-,n},Q, =§h N,
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S, =Q, NS.

Let L,, denoted the Hilbert space

1

L -1(8,)- ¢h(x);[z ‘(p"(x)rhlmhz]z el

xEQ "

The differential operator A in (71) is replaced with

n

A (x) = —Z(a, (o) el ) " (72)
r=1

where the difference operator A, is defined on those grid functions uh(x) =0, for
all XE€S,. It is well-known that A, is a self-adjoint positive definite operator in

L,, .

Using (71), we get

h
W_A;uh(t,xp Flix). 0<i<l. xED.
u”(l,x)=Zp:amuh(ﬁm,x)ﬂp(x), xESNEh, (73)
m=1
0<6<6,<-<0,<1.

From (73) it follows that
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Theorem 2.3. Let 7 and |h| = +---+h’ be sufficiently small numbers.

Then, the solutions of difference scheme (74) satisfy the following coercivity
afon o on WY a N
{T (uk ~ )}1 * {uk‘1}1
¢ ([04], L) o ([o], w3 )
1 WV
SC(é,HP)(OI(l—G)H{ k}l W2241J’

where C(ﬁ,ﬁp) is independent of 7, fkh (x), and (ph(x) ,1=sk<sN-1.

¢ h

+|

cf ([0 1, w3, )

Theorem 2.4. Let A;‘¢”(x)=¢f’(x)—zp:am¢j’m (x). Then, for solutions of
k=1

problem (74), we have the following stability inequalities

h N
{uk—l}l

B N

H{T 1((”/}: _I)’tlill )}1 Ca([O,l], ~L2h) +‘ Ca([o,l],swzzh)
Clo.,0 N

e hl,

where M does not depend on (ph ] kh , h,and 7.

The proof of Theorem 2.3, Theorem 2.4 is based on the abstract Theorem 1.5,
Theorem 1.6, and the symmetry properties of the difference operator A, , defined by

formula (72), and the following theorem:

Theorem 2.5. (see Sobolevskii (1975)) For the solutions of the elliptic differential
problem

A;uh(x)= wh(x), xEéh,
uh(x)=0, xes,,

the following coercivity inequality holds:

h
(“k ))?,)7, r

n

2.

< MHW"

2h

L2h
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